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Hyperspherical coordinates are used to define reaction paths for rearrangements of the CoHJ
barbaralyl cation and energy profiles are obtained from Gaussian 82 calculations using an STO-3G
basis. A formula for the reaction rate is derived from the current autocorrelation function in the
WKB approximation.

Contributions to the discussion about the 9-barbaralyl cation and its rapid transitions
between equivalent conformations are presented here. We base the description on
a hyperspherical specification of the reaction coordinate as a rotation angle. This
seems particularly adequate for isomeric transitions! like the ones studied by Ahlberg
and associates’”* for the CyHg species. Hoffmann and collaborators® suggested
that the ion assumed a conformation with a three-fold symmetry axis and that this
form was the transition state for a Cope rearrangement. These results were reached
on the basis of Hoffmann’s extended Hiickel scheme® and supported calculations’
within the Complete Neglect of Differential Overlap model put forth by Pople and
Segal®. Detailed investigations®>~* have questioned the role of the Cope rearrange-
ment in this species and there are suggestions of an alternative route. Calculations
of the relative positions on the energy scale of the various conformations were
performed by Huang et al.® and the symmetric form was judged to be less favorable
than the earlier studies indicated.

The present effort offers extensions of the earlier calculations. We have used the
Gaussian 82 program system'® to optimize geometry parameters in a molecular
orbital study using the minimal basis set where Slater type orbitals are expressed
in terms of three Gaussian type orbitals (STO-3G). The program system was further
used to obtain electronic ground state energies at geometries intermediate between
the equivalent minimum energy conformations. A description of the relevant geo-
metries in terms of hyperspherical coordinates is given in the second part of this
paper and a reaction coordinate is defined. The third section offers a derivation of
a reaction rate formula for the case of a potential well between two barriers. Results
for the energy profile and rates are presented in the fourth chapter and the paper
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concludes with a discussion of the insufficiencies of the uncorrelated electronic
structure calculations to account for the height of the energy barrier.

Hyperspherical Coordinates

Fano!! argues for the adaptation of a hyperspherical picture in the description of
scattering processes and in particular for rearrangements. Different associations
of the particles in the systems, be they atoms, molecules, ions or functional groups,
are mapped on distinct directions in a multidimensional space where the distance
from the origin is a measure of the size of the system. Unimolecular reactions among
isomeric forms correspond to rotations in this space. Presently we limit our analysis
to a system of nuclei, the motion of which is governed by a potential energy function.
Masses and coordinates for the nuclei are denoted m, and r; respectively for j =
= 1,2,... N. The potential energy function may have several equivalent or non-
equivalent minima and it is our concern to characterize a part of configuration space
that encompasses a few of these. The position coordinates {rj |j =1,... N} define
points in the space R*M. We assume that the system is invariant to translations and
rotations and use the center of gravity as origin of a three dimensional reference
frame. It holds then that

gmjrj =0. (1)

A theorem by Weyl'? assures us that internal coordinates can be defined that are
expressible in rotational invariants such as scalar products r; . r, or triple products
ri.(roar).

There are needed 3N — 6 internal coordinates in order to describe the conforma-
tion of an N particle system. They specify a set of points in R3™ when the condition
(7) is accounted for. Two points in this set are related through a rotation of the
reference frame. We wish to define a measure for the distance between two distinct
conformations, each specified by a set of points and choose a mass weighted formula.
The two conformations are defined with coordinates

ri,=ea; +ea;, +ea., j=12,...N (2)

and

rp=eb,. t+eb, +eb._, j=12...N. 3
J J

youy z¥yz >

The sets {(a;,, a;,, a;,)} and {(b, b;,, b;.)} are position coordinates for the nuclei
in some suitably oriented frame and (e,, e,. e.) as well as (ey, e), e.) denote basis
vectors of rotated frames. A distance measure, g, which is independent of the
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choice of reference frames obtains from the expression

45 Ym; = min ijl"jA —rpgl* =

J J
_ z 2 2 2 2 2y _
= 2mjaj + aj, + aj.) + Ymybj, + b}, + b},) (4)
J J
e..e e .e e .e)\ (b,
I3 ’ !
—2mamej(ajkajyajz) e,.e. e e e .ellb,],
i ’ ’ ’
e,.e . e .e e e/ \b,

where the extremes should be sought in the parameter domain of the group of three
dimensional proper rotation matrices, SO(3).

Conformations such as A4 and B above are associated with hyperspherical radii’?,
q, and qg, from formula

q; ij = ij(afx + al, + a}, (5)
J J

and the distance between two conformations is given by an angular measure w,p
according to the relation

(1,243 = ‘1/21 + ‘hzz — 24445 COS Wyp . (6)

Many isomeric transformations leave the hyperspherical radius essentially unchanged,
that is the trace of the tensor of moments of inertia does not vary, and a reaction
can be interpreted as a transition along an angular reaction coordinate. This view
is a quantification of the principle of least motion.'#

An electronic energy minimum is found for the barbaralyl cation for a cage con-
formation which is somewhat distorted from D,, symmetry. Fig. 1 exhibits the geo-
metrical parameters found in our calculations.

It is seen from the figure that a set of permutations of the nuclear labels will
generate equivalent conformations and in particular that the topology of the graph
is invariant under a set of six permutations forming a subgroup which is isomorphic
with S,. The operations are similar to the rotations forming D5, and when we con-
sider the conformation of exact D,, symmetry there is no distance between the
relabeled conformations.

Angular distances between the six equivalent conformations generated by the
permutations are listed in the diagram of Fig. 2. The vertices of the diagram are
projections of the six linearly independent conformation vectors in R*®. They sepa-
rate in two subsets as the atoms in an alternant hydrocarbon such that the nearest
neighbors to a point in one set belong to the other set. All of the conformations
have an angular distance from the geometry optimized D,, structure of 8-1% while
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the hyperspherical radius is 1:713479a, compared to 1:668424a, for the symmetric
structure.

A reaction path between two conformations A and B will be parametrized such
that

and if the path should stay on the hypersphere, that is

q* = Ym;r}[ym; = g3 =45, &)
it holds that I J
A, = sin (w5 — w)[sin w4, €9
and
2y = sin o/sin w4 . (10)

It will be assumed in the following that the variable w can serve as the essential
coordinate for a rearrangement in the sense detailed by Lax.!’

A Reaction Rate Formula

Basic expressions for the reaction rate are derived by Miller, Schwartz, and Tromp.!®

One is in the form of a time integral of a flux—flux autocorrelation function,!?-1#
14786
Fic. 1 FiG. 2
Carbon-carbon bond lengths for the opti- Hyperspherical arc lengths for reaction paths
mized geometry of the barbaralyl cation between equivalent conformations of the
CyH{J in Angstroms (1 A = 1071%m) barbaraly! cation

Collection Czechoslovak Chem, Commun. (Vol. 53) (1988)



Barbaralyl Cation Rearrangement 2059

while another utilizes the associated spectral density function to define the micro-
canonical cumulative reaction probability.!®

The derivation of the rate formula follows closely the presentation by Miller and
collaborators.’® We consider the system as one-dimensional with a dimensionless
reaction coordinate w, a reaction path potential energy V(w), and the relevant
Schrédinger equation

[E = V(o)] ¥(w) + y"(0) =0, (11)

where the unit of energy is the “rotational constant” #?/(8n?q5 Y m;). It will be as-

J
sumed that the values of w can be extended to + o, while Y(w) remains finite,
without consequence for the subsequent calculation. The associated propagator or
Green function satisfies

[E — V(0)] G(w, '; E) + d*G(w, 0'; E)|de* = (o — o) (12)

and provides the spectral density function?®

Aw, ', &) = lim (i/27) [G(w, 0’; ¢ + in) — G(w, w'; & — in). (13)
n—>+0
It enters the definition
td  mdAfow
Ne) = T0A[0w’ md*A[0wdW |, =y =0 (4)

for the microcanonical cumulative reaction probability.®

We use a Wentzel-Kramers—Brillouin expansion for the Green function?! and
consider a symmetric potential, V(w) = V(—w), with a well around w = 0 sur-
rounded by barriers. The asymptotic regions are allowed for all energies above the
bottom of the well. Two phase integrals appear in the formula for the allowed region
in the well

¢ =", [V(w) — E]"*dw, V(a)=E. (15)
and for the barrier
k= [ V() - E]'"?do, V(B)=E. (16)
The result is
N(e) = 1/[1 + B*cos® ¢], (17)
with
B =2(e** + 1)/(2 + 7). (18)
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It follows that the maximum probability occurs where ¢ = (n + %) n, that is at the
near quantized levels of the well. This is pronounced when x is large, that is near
the bottom.

The density of states in the well is

a 3 _ .
o(e) = do A(w, w: &) = 109 C — Bsingcosg , (19)
e nde 1+ B>cos’o
for
= (2™ + 2 + e )2 + ™), (20)
TaBLE I

Values of energies and rates relating to near stationary levels in the barbaralyl cation rearrange-
ment schemes. Energies are given in mH (1 mH = 2-6255 kJ mol™ 1) and rates k in s~ !. Rates
x(n) means x . 10"

State & de/de Kx(&) k
0 2-77 1-70 21-39 9:3(—6)
1 7-89 1-56 16-59 1-:3(—D
2 12:62 1-45 12-67 30( 2)
3 16:99 1-34 9:30 2:3( 5
4 21-02 1-22 6:37 T4( 7)
5 24-66 1-09 3-82 1-1( 10)
e I e e S|
370+ GAUSSIAN 82 HF/ST0-36G 1
250+
.
% + 3
; 130k Fig. 3
o r Energy barrier profiles (in 10 3 Hartree) for
L reaction paths between equivalent conforma-
/ \ tions of the barbaralyl cation. The narrow
"OVL ) ‘ ‘ ‘ barrier corresponds to the shortest arc of
70 -50 30 -10 10 30 50 7 Fig. 2, while the other describes a path via
DISPLACEMENT N DEGREES the high symmetry D, structure
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and we may define a ““decay” rate for the levels ¢, as

k, = 1/[(hC|r) d¢|0¢] (21
@e,) =(n + 3)m. (22)

The derivative d¢[d¢, C, and k should be calculated at ¢ = ¢,. These relations should
be compared to the analysis by Child?? for the transmission coefficient and by Mil-
ler!® for rates.

Applying the rate expression to the problem of the barbaralyl cation we consider
a reaction path consisting of hyperangular segments between the equivalent con-
formations, similar to the hexagon in Fig. 2. The edges are the shortest route between
the conformations and have the lowest barrier for a direct route. The reaction path
that goes through the D;, conformation requires a displacement of 2 x 8:1° = 16:2°
albeit a somewhat lower barrier.

Energy Profiles and Rates

Our calculations of the electronic energy involved an optimisation of the structure
in Fig. 1 at the STO-3G level of the GAUSSIAN 82 package.'® There are changes
of a few picometers in the carbon-carbon bond lengths as compared to the MNDO
structure used by Huang et al.” and they result in an energy decrease to —341-607277
Hartree.* The barrier between two equivalent minima was mapped out along a path
parametrized according to Eq. (7) and gives the height 0-030407 Hartree = 79-8 kJ/
mol, (4, — A,), is shown in Fig. 3. Two other paths marked in Fig. 2 were also
investigated and gave barriers of 208 kJ/mol (4, — A4;) and 214 kJ/mol (4, — A,).
An energy profile for a direct path 4, — "D}, was computed as well and is given
in Fig. 3 with the 'Dj}, position at the center and another path joining (' Dy, — A,).
The barriers reach 70-4 kJ/mol and the D, minimum is 52-1 kJ/mol above the other
minima.

Rate calculations were performed with the formula from the previous chapter.
The double barrier potential was formed by joining two identical barriers at their
minimum, creating a potential well. Phase integrals ¢ and x were calculated and the
energy ¢ and x were fitted by cubic splines as functions of ¢ so that ¢, de/dg, and «
could be evaluated at ¢ = (n + 1) n. The results are listed in Table I for the narrow
barrier of Fig. 2. It is seen that no thermal averaging can bring the reaction rate into
the observed range.” This is a consequence of the barrier height which is about
four times that estimated from experiments.

* 1 Hartree - - 2 625-5 kJ mol .
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CONCLUSION

A hyperspherical description of the conformational geometry offers a quantification
of the principle of least motion’* and it has been demonstrated here that the rear-
rangement reactions in the barbaralyl cation adhere to the notion that the nuclear
displacements should be minimal. Estimates of the energy barrier along the reaction
path from a minimal basis molecular orbital treatment are inadequate and demon-
strate the need for a more detailed description of the electronic structure of this
species. Our theoretical analyses give qualitative support to the picture offered by
Ahlberg’s group for the six-fold rearrangements and rule out the role of the high
symmetry Dj, structure as an intermediate or transition state conformation.

Rudolf Zahradnik has provided continuing inspiration for more than a quarter of a century to
Jan Linderberg, who got an indelible impression of the scope and depth of Zahradnik’s mind during
some lectures at Uppsala in the early 1960°s. He presented the extensive investigations on hydro-
carbons, which resulted in his well known book with Pancif.2® It has been satisfying to connect
with this work through the present study of a hydrocarbon cation, dedicated to Rudolf Zahradnik
on the occasion of his 60th year.

Stimulation has been forthcoming from Per Ahlberg to complete this effort.
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